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Results

Point process
Invasion model

Point process : definitions

A point process Z is :

• a random countable set of R+ : Z = {Ti : i ∈ N}
• a random point measure on R+ : Z =

∑
i∈N δTi

A process λ is the stochastic intensity of Z if :

∀0 ≤ a < b,E [Z ([a, b])|Fa] = E
[∫ b

a
λtdt

∣∣∣∣Fa

]

Interpretation :

• Ti = random times of ”events”

• λ = random rate of ”events”
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Thinning

π Poisson measure on R+ × R+ with intensity dt.dz

λ predictable and positive process

Z (A) =

∫
A×R+

1{z≤λ(t)}dπ(t, z)

Then : λ is the stochastic intensity of Z

λ

π

Z
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Point process
Invasion model

Invasion model
Invasion process : NK

t = number of individuals at time t
K = parameter (macroscopic scale)

Examples :

• cancerology : individual = cancerous cell

• epidemiology : individual = infectious person

Dynamics :
NK
t =NK

0 +

∫
[0,t]×R+

1{z≤NK
s−b(N

K
s−/K)}dπb(s, z)

−
∫
[0,t]×R+

1{z≤NK
s−d(N

K
s−/K)}dπd(s, z)

Interpretation :

• NK
0 = 1 individual at 0

• b(NK
t /K ) individual birth rate

• d(NK
t /K ) individual death rate
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Invasion model

Invasion phase

NK
t = NK

0 + Zb,K
t − Zd ,K

t

Two scenarios :

• extinction −→ ∃t,NK
t = 0

• invasion −→ ∃t,NK
t = Θ(K )
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Assumption : supercritical regime r0 := b(0)− d(0) > 0
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Point process
Invasion model

Problematic

Model : NK
t = NK

0 + Zb,K
t − Zd ,K

t with r0 := b(0)− d(0) > 0

Question : what is the detection time of the invasion ?

Hitting times : for ζ ≤ ξ ∈ N,

TK
ζ→ξ = inf{t > 0 : NK

t ≥ ξ | NK
0 = ζ}

Technics from [Champagnat 2006] : in probability,

TK
1→K =

1

r0
lnK + o(lnK )

Problems :

• in some model lnK ≈ O(1)

• randomness in O(1)

Our goal : develop the asymptotic expansion of TK
1→K
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Statements
Hitting times approximations

Heuristics

NK
t =NK

0 +

∫
[0,t]×R+

1{z≤NK
s−b(N

K
s−/K)}dπb(s, z)

−
∫
[0,t]×R+

1{z≤NK
s−d(N

K
s−/K)}dπd(s, z)

Branching approximation while NK
t << K (i.e. NK

t /K ≈ 0)

NK
t ≈ Zt =Z0 +

∫
[0,t]×R+

1{z≤Zs−b(0)}dπb(s, z)

−
∫
[0,t]×R+

1{z≤Zs−d(0)}dπd(s, z)

ODE approximation if NK
t0 = Θ(K ) (i.e. NK

t0 /K = Θ(1))

NK
t

K
≈ xKt = xKt0 +

∫ t

t0

xKs

(
b(xKs )− d(xKs )

)
ds
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Hitting times approximations

Formal results
Branching approximation :

if ξK << K/ lnK

P

 sup
t≤TK

1→ξK

∣∣∣∣NK
t

Zt
− 1

∣∣∣∣ > η

∣∣∣∣ {inf Z > 0}

 −→
K→∞

0

ODE approximation :

if 1 << ξK << K (i.e. 1/K << ξK/K << 1)

P

 sup
t≤TK

ξK→K

∣∣∣∣NK
t /K

xKt
− 1

∣∣∣∣ > η

 −→
K→∞

0

Hitting time approximation :

conditionally on {inf Z > 0}

TK
1→K =

1

r0
lnK+

1

r0
ln(1/W )+

∫ 1

0

1

x

(
1

b(x)− d(x)
− 1

r0

)
dx+o(1)

with W ∼ E (r0/b(0)) and r0 = b(0)− d(0)
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Simulation : processes approximations
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– NK
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— xKt

| | Domain of
”valid” ξK
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Simulations : hitting times approximation

10 15 20 25 30

0

5 · 10−2

0.1

0.15

0.2

1

— empirical distribution of TK
1→K

— density of : 1
r0

lnK + 1
r0

ln(1/W ) +
∫ 1
0

1
x

(
1

b(x)−d(x) − 1
r0

)
dx
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Comparison with literature

Results of [Barbour, Hamza, Kaspi, Klebaner (2015)]

Branching approximation :

for ξK ≤ K 7/12 instead of ξK << K/ lnK

P

 sup
t≤TK

1→ξK

∣∣∣NK
t − Zt

∣∣∣ = 0

 −→
K→∞

1

ODE approximation :

for ξK ≥ K 1/2+ε instead of ξK >> 1

P

 sup
t≤TK

ξK→K

∣∣∣∣NK
t /K

xKt
− 1

∣∣∣∣ > η

 −→
K→∞

0

Hitting times approximation :

TK
1→K =

1

r0
lnK + O(1)
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Approximating hitting times of NK using Z and xK

Admitted : NK is ”approximated” by Z and xK

Proof : let 1 <<ξK<< K/ lnK

such that

• on [0,TK
1→ξK ], NK

t ∼
K→∞

Zt

• on [TK
1→ξK ,T

K
1→ξK + TK

ξK→K ], NK
t /K ∼

K→∞
xKt

Introduce

TZ
1→ξK := inf{t > 0 : Zt ≥ ξK with Z0 = 1}

T x
ξK/K→1 := inf{t > 0 : xKt ≥ 1 with xK0 := ξK/K}

Then

TK
1→K =TK

1→ξK + TK
ξK→K

=TZ
1→ξK + T x

ξK/K→1 + o(1)

Xavier Erny Invasion approximations 13 / 16
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W (t) := Wer0t =⇒ TZ
1→ξK = TW

1→ξK + o(1)

We
r0TW

1→ξK = W (TW
1→ξK ) = ξK =⇒ TW

1→ξK =
1

r0
ln(ξK/W )

T x
ξK/K→1 :

1

r0
(lnK − ln ξK ) +

∫ 1

0

1

x
·
(

1

b(x)− d(x)
− 1

r0

)
dx + o(1)

dxt = xt(b(xt)− d(xt))dt =⇒ dt =
dx

x(b(x)− d(x))

T x
ξK/K→1 =

∫ 1

0

1

x
·
(

1

b(x)− d(x)
− 1

r0

)
dx − 1

r0
ln(ξK/K )+o(1)
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Thank you for your attention !

Questions ?
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